The foundations of non-linear quantum mechanics are based on six postulates and five propositions. On a first quantised level, these approaches are built on non-linear differential operators, non-linear eigenvalue equations, and the notion of non-linear observables and nonlinear states. The present theory predicts that the non-linear function solution of a non-linear partial differential equation for a free particle is correct and that the commutator of the position operator and the non-linear momentum operator does not commute. Moreover, the implicit wave function of linear quantum mechanics can be determined by a non-linear wave function solution of non-linear partial differential equation, which also verifies the non-linear quantum mechanics.
Introduction
Weinberg presents a general framework for introducing non-linear corrections into ordinary quantum mechanics that can serve as a guide to experiments sensitive to such corrections [1] . In the class of generalised theories described here, the equations that determine the timedependence of the wave function are no longer linear, but of the Hamiltonian type. Also, wave functions that differ by a constant factor represent the same physical state and satisfy the same time-dependence equations. As a result, there is no difficulty in combining separate subsystems. Prescriptions are given for determining the states in which observables have definite values, and for calculating the expectation values of observables for general states, but the calculation of probabilities requires detailed analysis of the method of measurement. A study is presented of various experimental possibilities, including the precession of spinning particles in external fields, experiments of Stern-Gerlach type, and the broadening and detuning of absorption lines.
It is proposed to set stringent limits on possible non-linear corrections to ordinary quantum mechanics by searching for the de-tuning of resonant transitions [2] . A suggested non-linear generalisation of quantum mechanics is used to show that such de-tuning would be expected in the rf transition in 9 Be + ions that is used to set frequency standards. Measurements at the National Bureau of Standards already set limits of order 10 −21 ion the fraction of the energy of the 9 Be nucleus that could be due to non-linear corrections to quantum mechanics, with good prospects of improving this by two to three orders of magnitude.
The Gross-Pitaevski equation, or non-linear Schrodinger equation, are widely used in the theory of superfluidity and in the theory of Bose-Einstein condensation [3] . In quantum field theory, non-linearity occurs in the equations of interacting field operators [4] . Here, the field operators remain linear. Non-linear quantum mechanics does not have a large literature and its content is very varied [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] .
In applications of quantum mechanics, where the several operators involved act in space and time variables with derivatives of different orders, solving the problem of nonlinearity requires more than the modified Schrodinger equation or the Weinberg non-linear corrections. Using the same physical tools, many of the results familiar in the theory of linear operators could be extended to non-linear operators.
The paper presents further progress in this area and focuses on the foundations of nonlinear quantum mechanics (NQM) based on the six major postulates and five propositions.
Results and Discussion
One of the motivations is based on the view that any foundations of non-linear quantum mechanics in a non-relativistic approach must contain the non-linearity arising from the standard wave function. Here, a remark is necessary on a composition of two functions, when one function is inside of another function. In order to derive postulates and propositions of non-linear quantum mechanics, we may start with the composition of two functions. For this reason, the modified definition of a non-linear function is given by:
Definition 1. The composition of two functions is defined by
,
where  This definition is a specific physical approach, which leads to the general concept of the nonlinearity of the form
. It is well known that the Hilbert space combines the properties of two fundamentally different types of spaces: a vector space and a metric space [21] . Note that in the case of the vector space, the ket vector is given by  vectors. Thus the outer product of
-the ket-vector notation for tensor space. The Hermitian conjugate of the ket vector is a bra vector:
Thus we obtain the desired result. In the case of the metric space the distance
. The distance between any two Nparticle non-linear functions is metric. The space of all non-linear functions, with the metric, becomes a metric space. The major point here is that there is more than one language in which to express nonlinear quantum mechanics. The most common language for the non-linear theory is the state function, but momentum space offers an equally important view of the state function. The composition of the non-linear function with the wave function can be regarded as the correspondence principle between the non-linear and linear quantum mechanics. Moreover, the implicit wave function can be determined 
So we obtain the desired result. Moreover, the second postulate is due to the non-linear differential operators, where a quantum differential operator acts on the non-linear function. 
where  and  -the constants, 
is defined to be a non-linearity of the transformation if it satisfies the non-linear eigenvalue equations
and the linear eigenvalue equations 
with the normalisation condition
Finally, the non-linear eigenvalue equation of momentum is approximated by
The eigenstates of 
The expectation value of the non-linear observable ) ( ), ( non non x P  predicts the same result as in the linear quantum mechanics. The first alternative of Kibble for a non-linear extension of standard quantum theory is to replace the observable ) (x O by a general function on the tangent space of  [19] .
Proposition 3.1. (Expectation value of NQM). The expectation value of an observable
where ( ) (t  ). The above formula comes from using the generalised chain rule to obtain the total derivative with respect to t ( x ). For the separated wave, the function is well known to be correct, but for the exact wave the function is calculated by )
. The probability of obtaining a non-linear momentum eigenvalue at fixed point ( const
. The results are a necessary and sufficient condition for the correspondence principle between the non-linear wave function and the wave function.
Proposition 5.2. The non-linear quantum mechanics and linear quantum mechanics are equivalent when a free particle of mass m is described by the NPDE.
For simplicity, we consider a free particle moving in a one-dimensional case when the potential energy vanishes. In this case, the NPDE becomes: The obtained results lead to exactly the same form for the linear quantum mechanics. In simple examples, it may be possible to give an explicit solution of NPDE, but usually that is a difficult problem.
The above argument is key and it is worth pointing out that it just uses the fact that a commutator plays a fundamental role in the physical interpretation of non-linear quantum mechanics. The last postulate is: It is very important, however, to note that operator multiplication is not commutative. The commutator describes the consequences of sequences of measurements performed on a quantum system.
Conclusion
Introducing the quantum operators acting on the non-linear function in the non-relativistic regime, we propose the foundations of non-linear quantum mechanics based on six postulates and five propositions. Note that the implicit wave function can be determined by the nonlinear function solution of NPDE. For this reason, we obtain a correspondence principle between the non-linear wave function and the wave function. The last result is a necessary and sufficient condition for the verified non-linear quantum mechanics. It should also be pointed out that the free particle problem and the fundamental commutation relation give good results known in science. The continuous non-linear quantum formalism can be formally generalised to the three-dimensional case and can be also rewritten in discrete notation.
